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We discuss size-dependent elastic properties in the context of our recent work on the mechanics of silicon nanowires.
The results are based on first-principles density functional theory calculations. We focus especially on the size
dependence of the Young’s modulus, but also comment on the size dependence of the residual stress and the equilibrium
length of the hydrogen-passivated Si nanowires. We compare these results to prior results from classical molecular

dynamics based on empirical potentials.
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1. Continuum elasticity at the nanoscale?

Does continuum elastic theory (and more generally
continuum mechanics) work for nanoscale systems? Are
the mechanical properties of a nanoscale material the
same as those listed in handbooks and compendia for the
same material in macroscopic systems? If a material
constant becomes size dependent in small systems, at
what sizes does the deviation from the bulk value begin
to be important? And conversely, over what size ranges
is the unadulterated macroscopic theory valid? These are
clearly important questions since we would like to be
able to apply the well developed continuum mechanical
theory with confidence to nanoscale systems. Defor-
mation under load, yielding, fracture, fatigue and friction
are but a few topics of continuum mechanics that may be
determining factors in the function or failure of a
nanoscale device. Here, we focus on the first topic,
elastic deformation, since we are in a position to address
it from first principles using quantum mechanical theory.

It has been long recognized in conventional materials
science that material heterogeneity can cause size-
dependent mechanical properties. For example, the
surface properties of cast metals may differ significantly
from those of the interior, such as the hardening of the
surface in chilled cast iron that is used to improve its wear
properties [1]. The material properties depend on the
relative fraction of the surface and interior region, and are
thus size dependent. This macroscopic effect is tied to
differences in the microstructure at the surface of the cast
part and the increasing proportion of the hardened
material as the size of the sample is reduced. At first
glance, it may seem that there is nothing heterogeneous
about a defect-free single crystal nanowire; however, the
surface itselfis a heterogeneity. The atoms at the surface

are not the same as those in the bulk. The coordination of
the atoms at the surface is less than that of those in the
bulk. In an effort to minimize the decrease in
coordination, the atomic bonds may distort to form a
reconstructed surface or different molecules may attach
and fill the dangling bonds at the surface. Both the
reduced coordination and the bond distortion change the
character of all of the bonds of the surface atom, as may
be quantified through the bond order, for example. These
deviations from bulk bonding propagate some distance
into the bulk. The presence of this surface layer whether
intrinsic or extrinsic gives rise to the size dependence of
the mechanical properties, both through changes in the
equilibrium bond lengths showing up as surface stresses
and changes in the surface elastic constants. It is natural
to expect then that the thickness of this surface layer in
which the mechanical properties are modified sets the
length scale of the size dependence.

We are particularly interested in the size dependence
of the Young’s modulus because of its importance in rod-
like structures. To understand how the size dependence
arises in an archetypal system consider a cylinder of total
radius R comprised of a homogeneous, isotropic material
in the middle or core of the cylinder covered by a uniform
layer of a different homogeneous, isotropic material of
thickness 7 at the surface. The core and surface are taken
to have different mechanical properties; for example,
their Young’s moduli are E.,. and E,, respectively. The
Young’s modulus is the ratio of the stress applied along
the longitudinal axis of the cylinder to the resulting strain
of elongation &.

The surface contributes to the Young’s modulus of
the whole, composite wire, Ey,, leading to a size
dependence as discussed previously in the literature
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(cf. Refs. [2—4]). Both the core and the outer shell of
material undergo the same longitudinal strain and the
surface is traction-free. Suppose the Poisson ratios of the
two materials are the same, or close enough that the
compatibility condition may be neglected akin to a
Taylor approximation. Then, the stress in each material is
the product of its (bulk) Young’s modulus and the
longitudinal strain. Since the total force supported by the
cylinder is the sum of the force carried by each region
and that force is the product of the axial stress and the
cross-sectional area over which it acts, we arrive at the
Equation for the composite Young’s modulus E\:

AwiErore = AcoreEcorc€ + Asurt Esurt €, (D

where the areas are given by Ay = TR2, Acore =
(R — t)z] = Ae(1 — Clott/Alot) + (ﬁ(tz/Rz) and Agy
= @mR> — (R — 1)’] = Cout + O(t?/R?), where C, is
the circumference of the cylinder. If we assume that the
outer layer is very thin, < R, then we have

2t
Etor = Ecore (1 - RA> + Ot /R?), 2)
= Evore (1 + C“)‘IA) + 0*/R?, ()
Atol

where A = (Egut — Ecore)/Ecore 1S a measure of the
difference in the properties of the core and the surface’.
For nanoscale systems, it is not a simple matter to
determine the surface Young’s modulus Eg,; from
experiment. It should be clear, however, that the Young’s
modulus of the composite system is size dependent,
scaling like 1/R. The size scale is set by the product 27A,
which is independent of the size of the cylinder. The
cylinder’s surface area to volume ratio is equal to
CioAor, Scaling like 1/R, and it is evident that to this
leading order in #/R the leading size-dependent term
scales like the surface area to volume ratio for any beam

Figure 1. Image of the 3-nm silicon nanowire showing the
2 X 1 {100} dimer reconstruction for the SW potential.
Calculation of the Young’s modulus involves expanding the
periodic box in the wire’s longitudinal direction, allowing the
wire to relax to mechanical equilibrium in the transverse
directions, and calculating the resulting axial stress. Each
sphere represents a Si atom, colored according to that atom’s
energy at zero temperature.

regardless of the shape of the cross section. We conclude
that it is natural to expect the Young’s modulus of a beam
to become significantly size dependent as the diameter of
the beam approaches the characteristic length scale set by
the thickness of the surface layer.

The Young’s modulus controls the mechanical
behavior of beams in other situations, too. For example,
the modulus enters formulas for bending and fracture.
Since bending is often used to measure the Young’s
modulus, it may be helpful to note that the size dependence
in bending is similar to, but not exactly the same as, that in
elongation since the different surfaces experience
different strains, the convex surface in tension and the
concave surface in compression, with the strain varying
linearly across the side walls of a rectangular beam. In
particular, the bending modulus k, is the ratio of the
bending moment, M, to the resulting curvature, k = 1/p
(where « is the reciprocal of the radius of curvature, p)

M = kypk. 4

In classical beam theory k, = EI, the product of the
Young’s modulus and the moment of inertia [5]. The size
dependence of the bending modulus can be calculated in
linear isotropic elasticity in much the same way it was
calculated for the Young’s modulus above, but for
bending it is the relative contribution of the surface and
core to the moment of inertia that is essential, rather than
the relative area [4]. We focus on a rectangular beam with
height 4 in the bending direction, width w and a uniform
surface layer of thickness 7. Using the Taylor-like
approximation that neglects compatibility, the result for
the bending modulus is

Ky = Eml[l + (6%+ 2&)4, )
I=dedyy2=11—2wh3, (6)

where A is defined as above. Thus, the bending modulus
also shows a size effect that is inversely proportional to the
thickness of the beam. The size dependence of the bending
modulus is quantitatively different than that of the
Young’s modulus: for a square cross section beam, the
size-dependent term in the bending modulus is (8#/w)A,
twice as big as the term (4#/w)A in the Young’s modulus.

So, it is natural to expect some size dependence, and
a number of studies have been undertaken to investigate
the size dependence of the Young’s modulus and other
nanowire mechanical properties, as described below.
However, it was not clear that the techniques that were
used captured all of the relevant physics.

In this article, we provide an overview of results from
an on-going first-principles study of the size dependence
of the nanowire mechanical properties, especially the
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Figure 2. The Young’s modulus of tantalum nanowires
calculated from molecular dynamics at absolute zero and room
temperature using the Finnis—Sinclair potential [16]. The wire
orientation is (001) with {100} surfaces. Both of the curves
show a size effect in which the Young’s modulus increases
(stiffens) as the size is reduced, with thermal softening at finite
temperature.

Young’s modulus. The term “first principles” in this
context means that the material properties were
determined from a solution of the quantum mechanics
of the electrons involved in the interatomic bonds as
solved by an ab initio approach, density functional theory
(DFT). We have recently conducted what is, to the best of
our knowledge, the first systematic study based on first-
principles calculations of the Young’s modulus of any
type of nanowire [6,7]. The study, thus far, has focused
on hydrogen-passivated Si (001) nanowires, finding that
the nanowires are less stiff as their size decreases, and
that the form of the size dependence is well described by
existing theories. We compare to earlier calculations of
the size-dependent mechanical properties predicted by
atomistic simulations of nanowires using classical
empirical potentials, as shown in Figure 1.

2. The mechanics of nanowires

Nanowires are being studied as mechanical components
for a range of potential devices. Clamped at one or both
ends, they can act as mechanical resonators for
applications ranging from high frequency oscillators
and filters [8] to g-bits in quantum computers [9,10]. As
the device size is reduced, the frequency of the
fundamental mode increases. Further miniaturization is
then a way to increase the operating frequency of the
oscillator. This increase in frequency can be quite
desirable, provided other properties such as the quality
factor of the resonator do not degrade too much. For

Molecular Simulation 3

example, the frequency of a mechanical g-bit determines
the energy of its quantum state, and higher frequencies are
less susceptible to decoherence from thermal fluctuations.

The basic theory governing the oscillations of a
mechanical resonator is based on continuum elasticity.
The theory is certainly valid for sufficiently large
resonators where the materials are continuous media to
a very good approximation. In limit, that the oscillating
beam becomes a chain of atoms, the nature of the bonding
is quite different than the bulk, and while the behavior
may still be elastic, the elastic properties are expected to
be significantly altered. In between, there is a range of
beam sizes in which the beams are three dimensional, but
the properties of the atoms on the surface may be quite
different than the bulk, as described above. As the beam is
miniaturized, the surfaces have an increasingly strong
influence on the behavior of the beam.

The size dependence of nanowire mechanical
properties has been attributed largely to these surface
effects [2,4,11,12], caused specifically by surface stress
and surface elastic constants. The properties of surfaces
are different from those of the bulk due to the structural
changes coming from the relatively unconstrained
structure at the surface and modifications of the bonding
environment seen in changes in the bond order. The
preferred interatomic spacing at the surface may be
different than that of the bulk, and the strain to form a
coherent interface results in the surface stress. Similarly,
the changes in the atomic interactions at the surface can
result in local changes in the elastic properties expressed
surface elastic constants.

3. Predictions of empirical atomistics

We have performed classical molecular dynamics
simulations in order to study the elastic behavior of
silicon nanowires [3,13]. These calculations are based
on empirical many-body interatomic potentials, specifi-
cally the Stillinger—Weber (SW) potential [14,15] for
silicon and the Finnis—Sinclair potential [16,17] for
tantalum. Much of this work was done some time ago,
and there have been similar results published by other
groups, including one study using an empirical tight-
binding method [18] that, albeit not ab initio, is more
powerful than the classical potentials. Our purpose in
reporting the empirical atomistic results here is to
motivate and compare to the first-principles calculations
described below.

These simulations were conducted on a system of
atoms in a monatomic single crystal, apart from the
surfaces, aligned such that the longitudinal axis of the
simulated nanowire is the [001] crystal axis. This
orientation is suitable for etched systems like nano-
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electro-mechanical systems (NEMS). By contrast,
nanowires that are grown often form with other
orientations [19]. The nanowire spans two periodic
boundaries of the simulation box, surrounded by vacuum
in the transverse directions. The system was brought to
mechanical and thermal equilibrium. The simulation box
was expanded to stretch the nanowire, allowing the wire
to relax either adiabatically at finite temperature or by
steepest descent at zero temperature. The resulting
stress—strain curve was fit to a fifth-order polynomial in
order to calculate the Young’s modulus. A typical result
for the size dependence of a metal nanowire is depicted
in the Young’s modulus of tantalum nanowires shown in
Figure 2 [13] calculated using the Finnis—Sinclair
potential [16,17]. The modulus increases as the size is
reduced, both at zero and room temperature. The
principal temperature dependence is the thermal soft-
ening of the bulk value of the Young’s modulus although
there is a temperature dependence to the coefficient of
the size-dependent term as well.

The size dependence of bare Si (001) nanowires is
shown in Figure 3, based on atomistic calculations with
the SW interatomic potential for silicon [14]. The zero
temperature case is plotted; the effect of finite
temperature is analogous to that of tantalum. A size
effect is seen in both cases. As in the tantalum example,
the data points are fit well by the solid curves of the form
Ey + Clw, where Ej is the bulk value of the Young’s
modulus and w is the width of the nanowire. For the
current purposes, C is a fitting constant. In principle, it is
related to the surface elastic constants.

One of the more striking aspects of Figure 3 is that
the sign of the surface effect is different than that for the
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Figure 3. The Young’s modulus of Si nanowires calculated
from molecular dynamics at zero temperature using the SW
potential. The wire orientation is (001) with dimer
reconstructed {100} surfaces. The size effect has a different
sign from that of tantalum shown in Figure 2.

metal in Figure 2. The SW beams soften and the Ta
beams stiffen as the size is reduced. It is not surprising
that the magnitude of the effect would be different in the
two cases. Both potentials include many-body forces,
but the Finnis—Sinclair potential includes an environ-
mental dependence that is absent from the SW potential.
Neither potential is fit to nanowire data, although the
surface structures and energies calculated with the two
potentials are generally reasonable and their accuracy is
comparable [15]. It is an interesting question then
whether the SW potential is realistic and accurate
enough for meaningful calculations. Lacking suitable
experimental data, we turn to first-principles calcu-
lations to make this assessment.

4. First-principles calculations

We have calculated the Young’s modulus and other
mechanical properties of silicon nanowires using first-
principles DFT at absolute zero temperature [6,7].
Specifically, we have employed the Vienna ab initio
simulation package (VASP) [20,21] using the projector
augmented-wave method [22,23] within the generalized
gradient approximation [24]. The energy cutoff for the
plane-wave expansion is 29.34 Ry and higher, and six
points in the one-dimensional irreducible Brillouin zone
are used for k-point sampling. Each supercell is
periodic, is one Si cubic unit cell long along the
hydrogen-passivated nanowire and has more than 10A
vacuum space in the transverse directions. Compu-
tational resources have limited the size of the nanowires
we can study (Appendix A). The largest nanowire,
3.92 nm in diameter, consisted of 405 Si atoms and 100
H atoms.

The nanowire simulations were constructed in a
periodic box, aligned much as in the empirical atomistic
calculations described above. The Si atoms were placed at
the sites of a perfect Si diamond-cubic crystal and H
atoms were placed above the surfaces, two per Si atom on
the {100} surfaces and one per Si atom on the {110}
surfaces. The dihydride Si {100} surface is known to be
the ground state at low temperatures [25]. The shape of
the nanowires was taken to be the Wulff shape
corresponding to the surface energies for bare, recon-
structed Si {100} and {110} surfaces. The bare energies
were used in order to create structures suitable for
comparison with bare wires, a topic of future research.

For each strain, the box dimensions were adjusted and
the atoms in the nanowire were relaxed using conjugate
gradient to a residual force of less than 2—10 meV/A,
where a more converged result was demanded for the
smaller wires due to the larger deformations at the surface.
The details of the calculations are given in Ref. [7]. The
relaxed total energies were used to calculate the physical
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observables: the residual stress, the equilibrium length
and the Young’s modulus.

4.1 Residual stress and equilibrium length

The axial stress of the nanowire constrained to be at the
length corresponding to the unstrained bulk crystal (L) is
an estimate of the residual stress that would be present in
a nanowire etched from a substrate with the ends still
attached to that substrate. The axial stress is determined
from the derivative of the fit to the total energy as a
function of strain [7]

o (Lo) = V_laU/aszz

05 N

where U is the DFT total energy. It turns out that a
parabolic fit describes the total energy very well for the
small strains of up to a few percent that we used, so
the residual stress is also equal in this approximation to
the Young’s modulus times the equilibrium strain. In any
case, we have examined the size dependence of the
residual stress and found that it is described well by the
form (Refs. [6,7])

1 .
%%F@MWHZZ&W ®)

where A is the cross-sectional area, w; is the width, and
7 is the longitudinal surface stress, of facet i. The size
dependence is thus proportional to the surface area to
volume ratio. The equilibrium elongation of the larger
wires also shows this scaling (Ref. [7] for details).

The surface stresses 7'(? that appear in Equation (8)
were calculated from DFT total energy calculations for
slabs with {100} and {110} [7]. In particular, the surface
energy was calculated by subtracting the bulk contri-
bution from the total energy of the slab in both
undeformed and strained configurations. The surface
stress was computed from the derivative of the surface
energy with respect to the surface strain

0o _ a.y(i)
= e ©)
where v is the surface energy per unit area of the ith
surface [26,27]. The expression does not include the
undifferentiated surface energy, as appearing in the
Shuttleworth formula for surface stress [28], and the two
sides of Equation (8) agree only if such a term is omitted.
Recently, this form for the surface stress has also been
found to work for other solid state systems [29].

Molecular Simulation 5

4.2 Young’s modulus

The Young’s modulus is calculated from the second
derivative of the relaxed total energy as a function of
strain. The results are shown in Figure 4. The square
symbols denote the first-principles results. The Young’s
modulus softens as the size of the nanowire is reduced,
as was seen for the SW atomistic calculations above.
The + signs denote the results of a continuum model
parameterized with DFT data derived entirely from bulk
and surface slab calculations, rather than the more
computationally expensive explicit nanowire geometry.
The dashed curve denotes the results of a fit to
published molecular statics calculations based on the
SW potential [4] for 1 X 1 Si {100} wires. The solid
curve represents a fit to Ey+ C/w where E, is the
Young’s modulus of the bulk crystal and w is the width
of the nanowire. Even though the 1 X 1 {100} surface
is not the ground state and the calculation is therefore
contrived, it may be a better analog of the H passivated
wire than the more realistic 2 X 1 bare wires of Figures
1 and 3.

The comparison of the Young’s modulus of a
hydrogen-passivated Si nanowire calculated with DFT
to the Young’s modulus of a bare Si nanowire
calculated with empirical atomistics is not a direct
comparison; nevertheless, it is interesting that the SW
potential is reasonably close to the first-principles result.
It does not contain any physics characteristic of the
surface, such as a change in the bond character. Of
course, the effect of the H passivation is to mitigate
some of the environmental dependence that more
sophisticated potentials are designed to capture. We
need the results of DFT calculations for bare wires to
make a direct comparison.
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Figure 4. The Young’s modulus of hydrogen-passivated Si
(001) nanowires calculated from first principles in DFT [7]. The
square symbols denote the DFT results. For comparison, three
other values are plotted, as described in the text.
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5. Conclusion and outlook

We have studied the mechanics of Si nanowires using
first-principles techniques. The results on the size
dependence of the Young’s modulus are consistent
with the dominant contribution coming from surface
effects, as verified from comparison to a continuum
model parameterized with data from first-principles
calculations of bulk and slab systems. Recently, there
have been increasing experimental efforts to measure the
size dependence of the nanowire Young’s modulus for
several materials [30—35]. The vast majority of these
nanowires are much larger than the ones we have studied.
Computational limitations prevent us from calculating
the modulus of the larger wires, but scaling up from our
results would suggest that the effect would be negligible
for hydrogen-passivated Si (001) larger than 10 nm.

There are many questions that remain open regarding
the nanowire mechanics. There are some hints that
effects from sources other than surfaces are important in
the smallest wires we have studied. The hydrogen-
passivated surfaces are among the most benign possible,
so it is natural to ask whether the threshold for these
anomalies occurs at a larger size for other types of
surfaces. The exact nature of these effects is unknown.
Even for the more conventional surface effects, we still
do not have an understanding of the physics that is
sufficiently powerful to allow us to derive an effective
interatomic potential that reproduces the first-principles
behavior. Some efforts have begun along these lines [36],
but clearly much more is needed in terms of theory,
development and validation.
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Note

1. When the Poisson ratios differ, veore 7 Vsurr, the formula
is A= [Esurf — Ecore + Esurt Vcore(Vcore - Vsurf)/(1 - Vgurf)]/
Ecore.
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Appendix A Supercomputer considerations

The calculation of the mechanical properties of the nanowires
studied here with DFT requires supercomputer resources in
order to complete the calculation in a tolerable amount of time.
The DFT calculations scale roughly as N> where N is the
number of electrons. In practice, the scaling can be substantially
worse than this due to various computational overheads. For
example, the largest nanowire we have studied, 3.92nm in
diameter, consisted of 405 Si atoms and 100 H atoms. This one
wire required over 100,000 CPU hours of computation on up to
512 CPUs of the MCR supercomputer (described below). The
2.05-nm nanowire, although only about a factor of 2 smaller in
radius or a factor of 3.5 smaller in the number of electrons, took
about 1% of this time, less than half of the N >-scaled time. With
the computational cost for large wires rising rapidly with the
size, we were limited in the wire sizes that could be studied.
Also some care was needed in how the calculation of the larger
wires was performed.

Several questions at the Nanotech’07 conference were
focused on how these supercomputer calculations were
conducted and the performance that was attained. We report
some of those properties in this appendix.

The calculations have been performed on several super-
computers. Most of the big calculations were done on the MCR
supercomputer at Lawrence Livermore National Laboratory
(LLNL). It has since been retired, but it had 2304 Intel Xeon (32
bit, 2.4 GHz) processors organized in 1152 dual-processor
nodes reaching a peak performance of 11.2 Tflop/s. Communi-
cations were done through a high performance interconnect
from Quadrics.

More recently, the calculations have been performed on the
Thunder and Zeus supercomputers at LLNL. Thunder is a
Linux machine with 4096 Intel Itanium2 (64 bit, 1.4 GHz)
processors distributed with four processors on each of 1024
nodes. Its peak capacity is 22.9 Tflop/s. Its communications are
done through a Quadrics switch. Zeus is also a Linux machine
with 2304 cores (CPUs) on AMD Opteron (64 bit, 2.4 GHz)
chips organized with eight cores on each of 288 nodes and
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a peak capacity of 11.1 Tflop/s. Its communications are done
through an InfiniBand switch.

The strong scaling performance on the Zeus supercomputer
is shown in Figure 5. Here, performance scaling is simply
defined as the ratio of CPU time taken on single node to the
time taken on N nodes for the given calculation. Perfect scaling
would be a value of N for N nodes; values less than perfect are
generally due to the cost of communications and redundant
calculation.

The self-consistent loop in the VASP code [20] solves the
Schrodinger Equation defined as

Hlp) = el ), (A1)

where |i,) is an eigenstate (nth band) of the Kohn-Sham
Hamiltonian, and ¢, is the corresponding eigenenergy. Using a
plane-wave basis set, an eigenstate can be expanded as

) =D Cugla), (A2)
q

where C,,, is the coefficient of a plane-wave component |g). The
simplest way to solve this eigenvalue problem is to diagonalize
the entire matrix directly, which effectively distributes the
calculation of C,, as evenly as possible to nodes. The direct
diagonalization (“Direct” in Figure 5) reveals that the
increasing communication overhead, as the number of nodes
is increased, significantly brings down the performance scaling:
the efficiency of using eight nodes (64 cores) is about 50%, i.e.
essentially no speed-up results from adding more nodes beyond
four nodes.
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Figure 5. Scaling of the computational performance as a
function of the number of nodes on the Zeus supercomputer.
Each node contains eight cores (CPUs). The number of
subgroups involves how the calculation is organized (see text).
The 2.05-nm wire (109 Si atoms and 52 H atoms) has been
used, and the result may not be directly transferable to a system
with substantially different size. Similar performance trends
were found on other supercomputers, although the hardware
architecture does have an effect on the optimal parameters for
the calculation.
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Another strategy for parallelization is to divide the matrix
into subspaces, optimize subspaces first, and then diagonalize
the assembled matrix [37,38]. Since this approach allows us to
work on smaller spaces, the communication overhead mentioned
above is significantly reduced. Nevertheless, it necessarily
increases the number of calculation steps and memory
requirements, and also introduces additional communication
necessary to keep the eigenstates in subspaces orthogonalized.

Therefore, the optimal performance for the given number
of nodes is determined from the competition between two

different communication overheads. The optimum is also
strongly tied to the supercomputer architecture, but it turns out
that the performance is generally good when the number of
subgroups is comparable to the number of nodes on Zeus.
The best performance also depends on the system size on
top of all the factors mentioned above, and it is achieved on 16
nodes and eight subgroups, with 70% efficiency compared to

the ideal number, for the 2.05-nm wire.



